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Structured Min-Plus Problems



Min-Plus Product

Given integral n X n matrices A and B, compute (min, + ) product:

Min-Plus Product Is equivalent to [FM, 1971}

Fastest runtime for (min, + ) or APSP: 13/22W1027) (williams, 2018]

Hardness conjecture: (min, + ) product requires n°>7°W time



Structured Min-Plus Product

e If A and B have e{—-W,--, W, 00}
then A % B can be computed in O(Wn®) time [Alon et al., 1997]

* |nputs matrices with more structures:
e Bounded-difference matrices [Bringmann et al., 2016}

« Monotone matrices [Vassilevska Williams and Xu, 2020]



Bounded-Difference Min-Plus Product

e Matrix X has bounded-difference If:
| Xij = X1 |5 1 X j = Xy j1 <1

e Want to compute A * B when A and B

« Many problems:
e Language edit distance, RNA folding [Bringmann et al., 2016]
 Tree edit distance [Mao, 2021]

 Dyck edit distance [Fried et al., 2022]



Monotone Min-Plus Product

Matrix X is monotone If:

Want to compute A * B when
Generalization of bounded-difference min-plus product [GPWX, 2021]
Further problems:

e Single-source replacement paths with negative weights [GPWX, 2021]



Min-Plus Convolution

 Given integral arrays A and B of length n, compute (min, + ) convolution:
(Ao B), =mn{A,_; + B;}
l

. Fastest runtime for (min , + ) conv: n2/22W187 nilliams, 2018]

» Hardness conjecture: (min, + ) conv requires n?=°W time

o Stronger than APSP or 3SUM conjecture



Monotone Min-Plus Convolution

e Array X is monotone if;
0<X, <X, <0

l
» Want to compute A ¢ B when A and B
* Applications:

* Histogram indexing, necklace alignment [BCD+, 2006] [ACLL, 2014]



Runtime for Structured Min-Plus Instances

bounded-difference monotone monotone
reference . . . .
min-plus product min-plus product min-plus convolution
baseline I’l3 n3 l’lz
Chan and Lewenstein 1.859
2015 n
Bringmann etal. 2 824
2016 n
V. Williams and Xu n(15+a))/6
2020
Gu et al. (12+w)/5
2021 n
Chi, Duan and Xie n2+a)/3
2022
Hew n B3+w)/2 n (3+w)/2 n 1.5

FMM exponent @ < 2.373 [Alman and Vassilevska Williams, 2021]



Runtime for Structured Min-Plus Instances

bounded-difference monotone monotone
reference : : : :
min-plus product min-plus product min-plus convolution
baseline I’l3 n3 I/l2
Chan and Lewenstein 1.859
2015 n
Bringmann etal. 7 824
2016 n

FMM exponent @ < 2.373 [Alman and Vassilevska Williams, 2021]



Monotone Min-Plus Product
with runtime



Approximate Min-Plus

For convenience, assume @ = 2 for the rest

Estimate C = A % B up to sub-linear additive errors
A common step In previous works

_ 3] B _ 1/3
J= LAi:f/n J’Bi,j — LBi,j/n ]
A *x B

Rounding:

A,
Compute: C

ApprOXimatiOn: ‘ él,] — Cl,]/n 1/3‘ — 0(1)
Runtime: O(n*%)



Quotient & Remainder

Basic idea: match quotients with C’, then find minimum remainders
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Quotient & Remainder

Basic idea: match quotients with (~f, then find minimum remainders
]

Using polynomials:

X

A (X, y) = iy |

B, (x,y) = xBe . C
ka]( y) y Ci,j(x9 y) = Z (Ai,k ' Bk,j)(X, ),
k=1

= YOUF(x) + YO F (x) + YO (x) 4 e

Ci X, y) = Z (Aj - Br ), y)
k=1
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Quotient & Remainder

Basic idea: match quotients with C, then find minimum remainders

Only focus on k € [n] such that:

and then minimize:

Ajx+ By

J

X

n

C(x.y) = ) (A B )x.y)
k=1

= YO0yt () + e

C;;=n'"(C;;+ b) + min-deg of F,(x)



Quotient & Remainder

Basic idea: match quotients with C’, then find minimum remainders

Using polynomials: Runtime?
A (x,y) = Xty Multiplying polynomial matrices
C(x,y) =Ax,y) - B(x,y)

By (x,y) = X y

. takes time

Ci,j(xa y) = Z (Ai,k ‘ Bk,j)(xa y)
k=1

3

n?=>.deg, - deg, = n




Key idea: apply

Using polynomials:

A (X, y) = xhik y

By (x,y) = X y

n

Ci,j(xa y) = Z (Ai,k ‘ Bk,j)(xa y)
k=1

Modulo on y-degrees

operations on degrees of y-variables

Degree reduction by modulo:

AL (x,y) = xit -y

B, (x.y) = XV -y

n

Ci,j(x’ y) — Z (Ai,k ' Bk,j)(xa y)
k=1




Modulo on y-degrees

Key idea: apply operations on degrees of y-variables
Degree reduction by modulo: Runtime?
— yAix . Multiplyi | al matri
Ai,k(x’y) x ik .y ultiplying polynomial matrices

C'(x,y) =A"(x,y) - B"(x,y)

takes time

B, (x,y) = X0y

na)=2 . dégx . p = n2+1/3p

C/(x,y) = ) (AL, - B/ )(x,y)
k=1




Modulo on y-degrees

Key idea: apply operations on degrees of y-variables

Only focus on k € [n] s.t. \Alk + Bk] - C. O(1)

l]‘ o

C, (%, y) = YCuF o)yt F () +yC2Ey(0) 4 - + yGrtPE (x) 4+ YO PHE (x) 4 woeees

Taking modulo-p adds many

Cl{)j(x, y) — yéi’f mod p[FO()C) 4 ] +yéi’j+1 mod p[Fl()C) i ] +yéi’j+2 mod sz(X) 4 oeeeenn

In other words, many x-monomials are




Bounding total errors

The number of erroneous x-terms:

If p € [n'3,2n13] is a random prime, then total #errors = O(n>~'")

Proof:

. Fixanyi,j, k € [n] s.t. \Ai,k + Bk,j — C”l-,jl += 0(1)
What is the probability that }ii,k + Bk,j — @-j = 0(1) mod p

2

e Asp E [n1/3,2n1/3] IS random, the probability is O(n_m)




Finding all error monomials
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Finding all error monomials

Goal:

Fix a prime

p € [n'°,2n'7], find all
(i,], k) € (1] such that:

s

K

X

Algorithm:

» Fix any i, k € |[n] and any interval
of k-th row of B
o |ist aII | In the interval such that

l]#Alk_l_Bk]_O(l)

C = A, k+Bk]—O(1) mod p

Divide each row Into intervals

Entries in the each interval are
the same

Since B is monotone, there

are at most n2/ 3 intervals for
each row




Monotone Min-Plus Product
with runtime



Recursion: first attempt

Basic idea:

Instead of brute-force, compute the approx-matrix C=A%B by recursion
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Recursion: first attempt

Basic idea:
Instead of brute-force, compute the approx-matrix C = A *« B by recursion

« Previously: Ai,k = A-,k T Ai,k , Bk,j — Bk,j T Ek,j

l
* B. runtime = n**+4>

C =
C’(x,y) = A’(x,y) - B’(x,), runtime =n®=*-deg, - p =

C=Ax% E, by recursion
C’(x,y) = A’(x,y) - B"(x,V), runtime = n®=?. deg, - p = n°p

. Hopefully, we can choose p = O(n'/?), so total time = n*~
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Recursion: first attempt

Basic idea:
Instead of brute-force, compute the approx-matrix C = A *« B by recursion

e Recursion:
A; 24 B.; 2B

5l ] L) L)

Ai(,Q(x’ y) = o (A2 =214, 2% yLAi,k/Zl“ |
Blgl).(x, y) = B /21 =2 B 121 y[Bk,j/Zl“ |
J

Compute C (l)(x, y) = A(l)(x, y)-B (l)(X, y)
C; . 2C:. 4Ci,j 8Ci,j

i»J i
Lnl/zJ’ : 172 I, Lnl/z J; Lnl/z J,




Recursion: first attempt

Basic idea:

Instead of brute-force, compute the approx-matrix C=A%B by recursion

e Recursion:
LﬂJ LZAi’kJ "'L&J LZBk’jJ
pl2-> 1247 b2t 12

Ai(,Q(x’ y) = o (A2 =214, 2% yLAi,k/Zl“ |

Blgl)(x, y) = 1 [Bi /21 =218 2] By /2]

J Y

Compute C (l)(x, y) = A(l)(x, y)-B (l)(X, y)
Ci,j 2Ci,j 4Ci,j 8Ci,j

LT/zJ’ L 1/2 11
n n

172 11 172 J,

e Error terms:
Ai(i)(x, y) = o (A2 =214, 2% yLA,.,k/le |

Blgl)'(x’ y) = xLBk,j/2l |-2|By /12" y
J

Compute C(Z)(x, y) = A(Z)(X, y) - B(l)(X, y)

LBk,j/zHlJ

find triples (i, j, k) € [n]’ s.t.
A 2] + | By /2] — | C;i12'] # O(1)
A2 + B /2] = |C; /2] = O(1) mod p

Inductively maintain all such triples




Recursion: first attempt

Basic idea:
Instead of brute-force, compute the approx-matrix C = A *« B by recursion

* Error terms: » Issues with induction:
Ai(i)(x, y) = o (A2 =21 A 2% y[Ai’k/zl“ |

I B, J2!|—2|B, /21! 2] . ..
B)(x,y) = x B2 =2 B2y B2 . Want to find (i, j, k) € [n]’
Compute CO(x,y) = AV(x, y) - BO(x, y) [A;/2'] + |By;i/2'] — |C;;/2'] =1 mod p
find triples (i, j, k) € [n]’ s.t. Nee(letO knOV\ijrlpleS: " B
_Ai,k/zld + _Bk,j/zl_ _ _Ci,j/zld + 0(1) [Al-,k/Z J + LBk,j/Z J — [Ci,j/2 J =2 IIlOdp

A /2N + | B, /2! - |C; /2] = O(1) mod p |
g o / But only have triples:
Inductively maintain all such triples A /277 ] + By /27| = |G y/27 | = mod p
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e Issue:
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O(1) and 2! are far away under modulo-p

A=A /2] + [Bk,j/zl | — Lcl.,j/zl |



Recursion: first attempt

Basic idea:
Instead of brute-force, compute the approx-matrix C = A *« B by recursion

Maintaining erroneous terms during recursions:

e Issue:

division by 2 under modulo-p is not necessarily shrinking, could jump around
O(1) and 2! are far away under modulo-p

mod p
Hopefull all A,
are in this region

A=A /2] + [Bk,j/zl | — Lci,j/zl |



Recursion: first attempt

Basic idea:
Instead of brute-force, compute the approx-matrix C = A *« B by recursion

Maintaining erroneous terms during recursions:

e Issue:

division by 2 under modulo-p is not necessarily shrinking, could jump around
O(1) and 2! are far away under modulo-p

mod p
Hopefull all A,
are in this region

A=A /2] + [Bk,j/zl | — Lci,j/zl |



Recursion: first attempt

Basic idea:
Instead of brute-force, compute the approx-matrix C = A *« B by recursion

Maintaining erroneous terms during recursions:

e Issue:

division by 2 under modulo-p is not necessarily shrinking, could jump around
O(1) and 2! are far away under modulo-p

A =1 A =27
mod p
Hopefull all A, - ‘ ‘ I
are in this region
0 1 p+tl p—1
2

A=A /2] + [Bk,j/zl | — Lci,j/zl |



Recursion: first attempt

Basic idea:
Instead of brute-force, compute the approx-matrix C = A *« B by recursion

Maintaining erroneous terms during recursions:

e Issue:

division by 2 under modulo-p is not necessarily shrinking, could jump around
O(1) and 2! are far away under modulo-p

A=1 Ap=27 Ay, =27

mod p
Hopefull all A,
are in this region

0 1 p+1 p+1 p—1
4 2

A=A /2] + [Bk,j/zl | — Lci,j/zl |



Recursion: first attempt

Basic idea:
Instead of brute-force, compute the approx-matrix C = A *« B by recursion

Maintaining erroneous terms during recursions:

e Issue:

division by 2 under modulo-p is not necessarily shrinking, could jump around
O(1) and 2! are far away under modulo-p

A=1 Ap=27 Ay, =27 A, =273

mod p
Hopefull all A,
are in this region

0 1 p+1 p+1 5p+1 p—1
4 2 3

A=A /2] + [Bk,j/zl | — Lci,j/zl |
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Recursion: scaling residues

Key idea:

Instead of scaling entry values, only scale the residues modulo-p

. A, 2A., 4A, 8A, B 9B . 4B 8B
. Previously: |— |, |—= k k k. kJ K k.
n

nl/zJ’Lnl/zJ’LnuzJ’ ’ LWJ’ : 172 11 172 11 172 J,

[ [
A,-(,Q(xa y) = x (01} . yl4/2] BO(x, y) = x{01} . 1B/




Recursion: scaling residues

Key idea:
Instead of scaling entry values, only scale the residues modulo-p

, A 2A; 0 4A . BAi B, 2B, 4B;; 8B
. Previously: Eeev70 Rl eyl B ol B byl

’ LWJ’ : 172 11 w12 11 0112 J;

[ [
A,-(,Q(xa y) = x (01} . yl4/2] B}g,l;(x, y) = x {01} .y B2
+ Now: Ajp = PAtRiy Byj = Byt

R; 2R;,  4R;;  8R;; Sk 28 A4S 88

b o b g Lo Lol Lo Lo Lo

AO(x, y) = xR2I=21RS20] L[R2 O

S, 2 =218, 2
k](X, y) — x[ k,j J L k,j J .

Y

[ S/

2l+1J




Recursion: scaling residues

Key idea:
Instead of scaling entry values, only scale the residues modulo-p

~J/

« Now: Ai,k — Ai,k_l_Ri,k Bk,] — Bk,]_I_Sk,]
ll_~ R /o] i+l Al Hl+1 Hl+1
AZ(Q(X’ y) p— xLRz,k/zJ 2LRz,k/z J . yLRl,k/z J B]il])(x’ y) p— xLSk,]/zJ 2LSk,]/2 J . yLSk,]/z J
« Recursion: Cl-’j = Ci,j+Ti’j
| 7;:/2'] = min {|R; /2] + |5, ,/2'] | b+ O(1)

1<k<n

Compute CPO(x, y) = AV(x,y) - BY(x, y), and then some extra work




Recursion: scaling residues

Key idea:
Instead of scaling entry values, only scale the residues modulo-p

e Error terms:
A(l)(x y) p— xLRzk/zlJ ZLle/Zl"'lJ yLRzk/21+1J

Bél)(x, y) = x[Sk]/ZZ [ =28, 2% y[Sk A2H

)
Compute CO(x,y) = AV(x, y) - BO(x, y)

find triples (i, j, k) € [n]’ s.t.

A+ B — Ci i # 0(1)

Inductively maintain all such triples




Recursion: scaling residues

Key idea:

Instead of scaling entry values, only scale the residues modulo-p

e Error terms:
(l)(x y) = ¥ R: J2 =2\ R 127 y[R J20

Bél)(x, y) = XLSkJ/zl [ =28, 2% y[Sk]/le ]

)
Compute CO(x,y) = AV(x, y) - BO(x, y)

find triples (i, j, k) € [n]’ s.t.

A+ B — Ci i # 0(1)

Inductively maintain all such triples

* Previous Issues fixed:

» Want to find (1,7, k) € (1]

Need to know triples:
LT /21+1J _ Lle/21+1J 4 LSk] 2l+1J_|_

Already have maintained:
[T, ;2" | = R /2" | + S, ;12| £ 0(1)




Recursion: finding error terms

Basic idea:

Use the fact that p € (1'% 2n'?] is a uniformly random prime

Goal:

At each recursion level, find all
(i,],k) € (n]° such that:

o |T;:/2'] = | R /2] + S ;/2'] = 0(1)

l




Recursion: finding error terms

Basic idea:

Use the fact that p € (1'% 2n'?] is a uniformly random prime

Goal: Sanity check:
e At each recursion level, find all  Even without recursion (1=0),
(i,], k) € [n]3 such that: the probability that

. A —1/2
7}’]- — Rl,k + Sk,] 1S O(n )
| T;:/2'| = | R /2] + S ;/2'] = O(1)
e Need recursion to locate all k’s




Recursion: finding error terms

Basic idea:

Use the fact that p € (1'% 2n'?] is a uniformly random prime

Goal: Total number of error terms:
At each recursion level, find all o | T;/2'] = | R /2] + S /2] = 0(1)
(i,],k) € (n]° such that: or

A+ B — Ci ;| = 02") mod p

[T:,/2'] = |Rx/2'] + 1S,,;/2'] = O(1) i
+  Probability is at most O(2! - n=1/?)
Total #errors = O(2' - n’/p)




Recursion: finding error terms

Basic idea:

Use the fact that p & (12 2n'?] is a uniformly random prime

K

Total number of error terms:

. |1}/ 2| = |R; ./ 2] + [ Sk 2! £ O(1)
or

A+ B — Ci ;| = 02") mod p

. Probability is at most O(2' - n=1?)
Total #errors = O(2 - n’/p)

Extra factor of 2/

Key observation:
Since B is monotone, we can partition each row

{ LSk,j/zlJ }i<i<n iNtO intervals, such that
entries in the each interval are the same. Group
error terms as index-interval triples (i, k, [a, D])




Recursion: finding error terms

Index-interval triples:
Use the fact that p € [n1/2,2n1/2] IS a uniformly random prime

Total #Index-interval triples:

»  Probability is at most O(2! - n=1?)
Total #error terms = O(2' - n/p)

e Partition each B-row into Intervals

. Total #index-interval triples = O(°/p)
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K

Total #Index-interval triples:
| ||

»  Probability is at most O(2! - n=1?)

Total #error terms = O(2' - n°/p)

e Partition each B-row into Intervals
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Recursion: finding error terms

Index-interval triples:

Use the fact that p € [n1/2,2n1/2] IS a uniformly random prime

K
Total #Index-interval triples:
i [
» Probability is at most O(2' - n=1%) 5

Total #error terms = O(2' - n°/p)

Subtracting error terms:
* Partition each B-row into intervals For any (i, k, [a, b]), use segment-tree data structures
CO(x,y) < C(x,y) = Af)(x,y) - B)(x, y)
. Total #index-interval triples = O(°/p) | “as all B}gl) are
J




Recursion: finding error terms

Index-interval triples:

Use the fact that p € [n1/2,2n1/2] IS a uniformly random prime

Maintaining index-interval triples recursively:

« Triples {(i, k, |a, b])} on the [-level is a refinement of triples on the ([ + 1)-level




Thanks for listening




